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Abstract 
Computations of far-field ship waves, based on linear potential flow theory and the Hogner approximation, are reported for monohull 
ships and catamarans. Specifically, far-field ship waves are computed for six monohull ships at four Froude numbers F ≡ V/ √ gL = 0. 58 , 
0.68, 0.86, 1.58 and for six catamarans with nondimensional hull spacing s ≡ S/L = 0. 25 at two Froude numbers F s ≡ V/ 
√ 
gS = 1 and 2.5. 
Here, g is the gravitational acceleration, V and L denote the ship speed and length, and S is the separation distance between the twin hulls 
of a catamaran. The computations show that, although the amplitudes of the waves created by a ship are strongly influenced by the shape 
of the ship hull, as well known, the ray angles where the largest waves are found are only weakly influenced by the hull shape and indeed 
are mostly a kinematic feature of the flow around a ship hull. An important practical consequence of this flow feature is that the apparent 
wake angle of general monohull ships or catamarans (with arbitrarily-shaped hulls) can be estimated, without computations, by means of 
simple analytical relations; these relations, obtained elsewhere via parametric computations, are given here. Moreover, the influence of the 
two parameters F s and s that largely determine the ray angles of the dominant waves created by a catamaran is illustrated via computations 
for three catamarans with hull spacings s = 0. 2, 0.35, 0.5 at four Froude numbers F s = 1 , 1.5, 2, 2.5. These computations confirm that the 
largest waves created by wide and/or fast catamarans are found at ray angles that only depend on F s (i.e. that do not depend on the hull 
spacing s) in agreement with an elementary analysis of lateral interference between the dominant waves created by the bows (or sterns) of 
the twin hulls of a catamaran. The dominant-waves ray angles predicted by the theory of wave-interference effects for monohull ships and 
catamarans are also compared with the observations of narrow Kelvin ship wakes reported by Rabaud and Moisy, and found to be consistent 
with these observations. 
© 2015 Shanghai Jiaotong University. Published by Elsevier B.V. 
This is an open access article under the CC BY-NC-ND license ( http://creativecommons.org/licenses/by-nc-nd/4.0/ ). 
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The far-field waves created by a monohull ship of length
L, or a catamaran with two identical hulls of length L sepa-
rated by a lateral distance S, that advances at constant speed V 
along a straight path in calm water of large depth are consid-
ered. The waves created by a monohull ship or by a catamaran
are observed from a Galilean frame of reference attached to
the moving ship. The Z axis is vertical and points upward,
and the undisturbed free surface is taken as the plane Z = 0.
The X axis is chosen along the path of the ship, and points∗ Corresponding author. 
E-mail addresses: noblfranc@gmail.com (F. Noblesse), wli@sjtu.edu.cn 
(W. Li). 
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2468-0133/© 2015 Shanghai Jiaotong University. Published by Elsevier B.V. This
( http://creativecommons.org/licenses/by-nc-nd/4.0/ ). oward the ship bow. For a catamaran, the X axis is taken
alf way between the twin bows of the catamaran. Nondi-
ensional coordinates 
(x, y, z) ≡ (X, Y , Z ) /L (1)
re defined. 
A famous analysis of this basic problem has been given by
elvin in 1887. Kelvin’s classical far-field asymptotic analy-
is is based on a one-point wavemaker model of a ship, linear
otential flow theory, and the method of stationary phase. The
ne-point wavemaker model is a major approximation, and in-
eed is the most restrictive assumption of Kelvin’s analysis of
hip waves. Specifically, within the context of linear potential
ow theory considered by Kelvin, as well as here, the flow
round a ship hull is represented via a distribution of sources
ver the ship hull surface. Interference among the waves cre- is an open access article under the CC BY-NC-ND license 
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b  ted by the sources distributed over the hull surface therefore
ccurs. However, these wave-interference effects are ignored
n the one-point wavemaker model considered by Kelvin. 
The main result of Kelvin’s analysis, given in every text-
ook on water waves and ship hydrodynamics, is that a ship
reates transverse and divergent waves that exist inside a
edge with half angle 
 
K ≈ 19 ◦28 ′ (2) 
Moreover, Kelvin showed that the wave pattern formed by
he transverse and divergent waves only depends on the ship
peed V . Thus, Kelvin’s wave pattern does not depend on
he length L of a ship, or on the lateral separation distance
between the twin hulls of a catamaran, and therefore does
ot depend on the Froude numbers 
 ≡ V/ 
√ 
gL F s ≡ V/ 
√ 
gS ≡ F / √ s (3)
here g is the acceleration of gravity and 
 ≡ S/L (4) 
enotes the nondimensional hull spacing of the catamaran.
elvin’s wave pattern is also independent of the hull shape,
nd indeed is the same for every ship (low-speed monohull
hip, high-speed catamaran, submarine, hovercraft). Specifi- 
ally, the Kelvin wave pattern only depends on the coordinates
(X, Y ) g/ V 2 . This classical result is a consequence of Kelvin’s
ighly-simplified model of a ship as a one-point wavemaker. 
Numerous experimental observations and numerical com-
utations (including computations reported further on in this
tudy) show that the largest waves created by common dis-
lacement ships in fact are found in the vicinity of the cusp
ines ψ = ±ψ K of the Kelvin wave pattern, in agreement with
elvin’s analysis. However, at high Froude numbers F K ≤ F 
ith F K ≈ 0. 6 for monohull ships, it has long been observed,
otably by Taylor [24] , Baker [2] , Munk [14] , Brown [1] ,
eed [22] , Fang [8] , Rabaud [23] , that the largest waves cre-
ted by a ship are found along ray angles that are inside
he cusp lines ψ = ±ψ K of the Kelvin wake; i.e. the largest
aves are found at an ‘apparent wake angle’ that is smaller
han ψ K at high Froude numbers F K ≤ F. In particular, the
7 observations of ship wakes reported by Rabaud [23] for
he wide range of Froude numbers 0. 1 < F < 1 . 7 include 12
bservations for 0. 6 < F. These high-speed observations are
onsistently and significantly smaller than the Kelvin cusp an-
le ψ K ≈ 19 ◦28 ′ and are as small as 7 ◦. The Rabaud–Moisy
bservations of narrow ship wakes are considered further on.
Several theoretical explanations of the seemingly unex-
ected observations of ‘narrow ship wakes’ at high Froude
umbers have been offered in the literature. In particular, a
umber of studies have shown that several effects not con-
idered by Kelvin can significantly affect the far-field waves
reated by a ship. In particular, the influence of nonlineari-
ies, ambient waves, wind, shear current, surface tension, and
ater depth is considered by Brown [1] , Fang [8] , Mei [15] ,
hu [25] , Pethiyagoda [21] , Ellingsen [7] , Moisy [16] . How-
ver, the fact that effects not considered in Kelvin’s classical
nalysis can significantly modify the wake of a ship does notmply that the observations of narrow ship wakes reported in
he literature are actually due to these extraneous effects. In
act, most of the foregoing studies of ship wakes are only
emotely related to Kelvin’s practical purpose of explaining
he wave patterns created by common ships that advance at
onstant speed in calm water of large depth, and in fact do
ot explain observed narrow ship wakes. In particular, the
oregoing studies do not seek to refine Kelvin’s fundamental
odel of a ship as a one-point wavemaker. 
Numerical computations, within the context of linear po-
ential flow theory, of the far-field waves due to Gaussian dis-
ributions of pressure at the free surface by Darmon [6] , Dias
5] , Benzaquen [4] , Moisy [17] or distributions of sources
ver ship hull surfaces by Barnell [3] , Zhang [26] , He [9,10]
how that, at high Froude numbers, the largest waves created
y surface-distributions of pressure or sources are found along
ay angles that are located inside the cusp lines ψ = ±ψ K of
he classical Kelvin wake. This numerical finding is consistent
ith the elementary analysis of constructive and destructive
nterference between the divergent waves created by a two-
oint wavemaker — specifically, a point source and a point
ink located at the bow and the stern of a monohull ship, or
wo point sources (or sinks) located at the bows (or sterns)
f the twin hulls of a catamaran — considered by Noblesse
2014), and He [11] for deep water and by Zhu [29,30] for
hallow water. 
Thus, the computations of waves due to surface distribu-
ions of pressure or sources reported by Darmon [6] , Dias
5] , Benzaquen [4] , Moisy [17] , Barnell [3] , Zhang [26] , He
9,10] as well as the analysis of interference effects for a
wo-point wavemaker — an elementary approximation to a
istribution of sources over a ship hull surface via a point
ource and a point sink for a monohull ship, or two point
ources for a catamaran — given by Noblesse (2014), He
11] , Zhu [29,30] suggest that the observations of narrow ship
akes reported in the literature most likely correspond to the
ays where the largest divergent waves created by a high-
peed ship are found. Indeed, Noblesse [20] , and He [11]
ontend that narrow ship wakes observed for high-speed ships
re merely the unsurprising consequence of longitudinal inter-
erence between the divergent waves created by sources and
inks distributed over the bow and stern regions of a ship
ull surface, and lateral interference between the divergent
aves created by sources (or sinks) distributed over the port
nd starboard sides of a hull surface or the twin hulls of a
atamaran. Wave interference — a main feature of the linear
otential flow theory of ship waves — is then an extremely
imple, indeed nearly trivial, explanation of the observations
f narrow ship wakes reported in the literature. 
Within the context of the linear potential flow theory con-
idered here, the flow around a ship hull can be represented
ia a distribution of sources (and sinks) over the surface of
he ship hull. A practical and realistic method for determin-
ng the ray angles that correspond to the largest waves cre-
ted by a ship (for general ship hulls, including multihulls,
nd/or distributions of pressure at the free surface) is given
y Zhang [26] . This method is based on the numerical de-
54 F. Noblesse et al. / Journal of Ocean Engineering and Science 1 (2016) 52–65 
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[  termination of the peaks of the amplitude function associated
with the Fourier–Kochin analytical representation of far-field
ship waves. The amplitude function of the Fourier–Kochin
representation of far-field waves is evaluated by Zhang [26]
via the classical Hogner approximation given by Hogner [12] ,
Noblesse [19] , and Huang [13] . 
This flow approximation is explicitly defined in terms of
the speed and the length of a ship (the Froude number) and
the hull shape via a distribution of sources with density n x 
equal to the x -component of the unit vector n ≡ ( n x , n y , n z )
normal to the hull surface. An important major consequence
of this feature is that the far-field waves created by a ship (and
the related wave drag of the ship) can be determined without
having to compute the near-field flow around the ship hull,
i.e. very simply, as well known and further considered by
Noblesse [19] , Huang [13] , and Noblesse [18] . Indeed, the
method considered by Zhang [26] only involves elementary
numerical computations that can be performed simply and
very efficiently. Moreover, the method can be applied to real-
istic ship hulls, including multihulls, of arbitrary shape, as by
Zhang [26] and He [9,10] , and can also be applied to general
distributions of pressure over the free surface. 
Numerical predictions of the sinkage, trim, and drag expe-
rienced by several ship hulls, and of wave profiles along the
hulls (for a range of Froude numbers) based on the Hogner
approximation are consistent with experimental measurements
as well as numerical predictions given by the more accurate
Neumann–Michell theory considered by Noblesse [19] , and
Huang [13] . Moreover, Zhang [26] and He [9] show that the
far-field waves predicted by the Hogner approximation or the
Neumann–Michell theory for a monohull ship and a cata-
maran (at four Froude numbers) are nearly indistinguishable.
Thus, the method based on the Hogner approximation used
by Zhang [26] and He [9] is realistic, as well as practical. 
This method is applied to a large number of monohull
ships by Zhang [26] and catamarans by He [9] associated with
a broad range of Froude numbers and broad ranges of main
hull-shape parameters (beam/length, draft/length, beam/draft,
waterline entrance angle) and — for catamarans — hull spac-
ings. Computations of far-field waves, based on the practical
numerical method given by Zhang [27] and the Hogner ap-
proximation, created by monohull ships and catamarans at
several Froude numbers are reported by Zhang [28] and here.
These computations of far-field waves supplement and con-
firm the numerical studies considered by Zhang [26] and He
[9,10] . 
2. Largest waves and apparent wake angles due to wave 
interference 
2.1. Analytical study of wave interference for two basic 
two-point wavemakers 
Wave-interference effects associated with a source-
distribution over a ship hull surface or a pressure-distribution
over a free-surface patch can be largely understood via the
analysis of two simple canonical cases: (i) longitudinal ( x) in-erference between the divergent waves created by a source lo-
ated at a point (x, y) and a sink located at the point (x ± , y)
f the free-surface plane z = 0, and (ii) lateral ( y) interfer-
nce between the waves created by two sources (or sinks) lo-
ated at two points (x, y ± s/ 2) . This analysis, considered by
oblesse [20] , shows that constructive interference between
he divergent waves created by these two complementary ba-
ic two-point wavemakers yields largest waves along a series
f ray angles ψ = ±ψ x m with m = 1 , 3 , 5 . . . , or ψ = ±ψ y m 
ith m = 2, 4, 6 . . . , that are located inside the Kelvin wake
 = ±ψ K . 
Moreover, the largest ray angles ψ x max ≡ ψ x 1 and ψ y max ≡
 
y 
2 are defined, in terms of the Froude numbers F  or F s based
n the (nondimensional) longitudinal or lateral distances  or
between the two points that create the waves, via the simple
nalytical relations 
 
x 
max ≈ arctan (0. 16 /F 2  ) with F  ≡ F / 
√ 
 (5)
 
y 
max ≈ arctan (0. 2/ F s ) with F s ≡ F / 
√ 
s (6)
Here, the angles ψ x max and ψ 
y 
max are expressed in degrees.
he Relations ( 5 ) and ( 6 ), obtained by Noblesse [20] via an
lementary analysis in the physical space can also be ob-
ained (in a less direct way) via the determination of the
eaks of the wave amplitude function associated with the
ourier–Kochin representation of the waves created by a two-
oint wavemaker, in the manner used by Zhang [26] for a
urface distribution of sources. The interference relations ob-
ained by Noblesse [20] via a straightforward analysis in the
hysical space and the determination (in the Fourier space)
f the largest waves created by a two-point wavemaker yield
dentical expressions for the dominant ray angles ψ x m and ψ 
y 
m .
hus, these ray angles, notably the angles ψ x max and ψ 
y 
max de-
ned by ( 5 ) and ( 6 ), correctly account for the variations of
he amplitudes of the divergent waves across the Kelvin wake
ψ K ≤ ψ ≤ ψ K , albeit for the simplified cases of two basic
wo-point wavemakers. 
The waves generated by a monohull ship (a slender body)
ainly consist of two dominant waves that are created by
he ship bow and the ship stern, as well known. Constructive
interference between the dominant bow and stern waves
reated by a monohull ship therefore results in largest waves
t an apparent wake angle approximately equal to the angle
 
x 
max given by ( 5 ), where the distance  between the effective
rigins of the bow and stern waves is taken as  ≈ 0. 9 by
oblesse [20] . Similarly, the bows and the sterns of the twin
ulls of a catamaran create two sets of dominant waves, and
onstructive y interference between the dominant twin bow
aves (or the dominant twin stern waves) yields an apparent
ake angle approximately equal to the angle ψ y max given
n ( 6 ), where s is the (nondimensional) separation distance
etween the twin bows (or sterns) as defined by ( 4 ). The
nalytical relations ( 5 ) and ( 6 ) therefore provide particularly
imple analytical estimates of the apparent wake angles
f a monohull ship or a catamaran, as noted by Noblesse
20] . These simple estimates are shown by Zhang [26] , and
F. Noblesse et al. / Journal of Ocean Engineering and Science 1 (2016) 52–65 55 
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Fig. 1. Observations of ship wakes reported by Rabaud [23] for Froude num- 
bers 0. 1 < F < 1 . 7 . The figure also shows the Kelvin cusp angle ψ K ≈
19 ◦28 ′ (Kelvin), the region ψ ≤ 6 ◦23 ′ where the wavelength λ of the di- 
vergent waves is smaller than 5% of the longest transverse waves created 
by a ship along its track, the Froude numbers F i and F 5 defined by ( 17 ) 
and ( 21 ), and the three wake angles ψ max , ψ i and ψ o that correspond to 
the largest waves created (as a result of constructive wave-interference ef- 
fects) by a monohull ship (pink solid line marked monohull) or catamarans 
with hull spacings s = 0. 2 (solid and dashed black lines), s = 0. 35 (blue 
lines) or s = 0. 5 (red lines). The two shaded regions correspond to the in- 
ner and outer wake angles ψ i and ψ o for catamarans with hull spacings 
0. 2 ≤ s ≤ 0. 5 . 
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f  
se [9,10] to be reasonable, although not very accurate (a
istribution of sources over a ship hull surface cannot be
ccurately approximated as a two-point wavemaker). 
The simple analytical relations ( 5 ) and ( 6 ) also provide
seful basic insight into wave-interference effects for a gen-
ral distribution of sources over a ship hull surface, or
 pressure-distribution over a free-surface patch. Indeed, a
ource or pressure distribution involves a superposition of x
nd y interference effects among the waves created by the
ources distributed over a ship hull surface or a free-surface
atch. In particular, the Relations ( 5 ) and ( 6 ) show that the
ake angles ψ x max and ψ 
y 
max associated with longitudinal or
ateral wave-interference effects are O(1 / F 2 ) or O(1 /F ) as
 → ∞ . Lateral interference effects therefore dominate lon-
itudinal interference effects, and the apparent wake angle
 max decreases like 1 /F, at sufficiently high Froude num- 
ers. As noted by Zhang [26] , this basic analytical result pro-
ides a simple theoretical explanation for the conclusion that
 max = O(1 /F ) in the high-speed limit F → ∞ obtained in
 number of numerical studies, e.g. Darmon [6] , Benzaquen
4] , Moisy [17] , Zhang [26] , and He [9] . However, longi-
udinal interference between the waves created by sources
istributed over the fore and aft regions of a ship hull can
ominate lateral interference between the waves created by
ources distributed over the port and starboard sides of the
ull at low or moderate Froude numbers, as shown by Zhang
26] for monohull ships. 
.2. Numerical analysis of wave interference for monohull 
hips 
Zhang [26] , and He [10] report systematic computations
or seven simple (mathematically-defined) monohull ships at
0 Froude numbers within the range 0. 6 < F ≤ 1 . 5 . The
even ship hulls are characterized by the relatively broad
anges 
. 1 ≤ B/L ≤ 0. 25 , 0. 025 ≤ D/L ≤ 0. 1 (7)
 ≤ B/D ≤ 10, 33 ◦ ≤ 2α ≤ 90 ◦ (8) 
f the main hull-shape parameters B/L, D/L, B/D and 2α. 
The computations considered by Zhang [26] show that the
argest waves created by the seven monohull ships are found
long ray angles ψ = ±ψ max that are only weakly influenced
y the hull shape and therefore mostly depend on the Froude
umber F ≡ V/ √ gL . Specifically, Zhang [26] , and He [10]
how that the apparent wake angle ψ max related to the largest
aves is approximately given by the simple analytical rela-
ions 
 max ≈ ψ K ≈ 19 ◦28 ′ for F ≤ 0. 573 (9) 
 max ≈ arctan (0. 116 / F 2 ) for 0. 573 ≤ F ≤ 0. 85 (10)
 max ≈ arctan [0. 08(1 + 0. 6 /F ) /F ] for 0. 85 ≤ F (11)Here, the angle ψ max is expressed in degrees. The Relations
 9 )–( 11 ) are more accurate than the analytical approximation
 max ≈ ψ x max given by Noblesse [20] , although differences be-
ween the apparent wake angles predicted by the elementary
pproximation ψ max ≈ ψ x max given in ( 5 ) with  ≈ 0. 9 and the
ore accurate approximation given in ( 9 )–( 11 ) are not very
arge, and indeed do not exceed 1 ◦ for 1 ≤ F. 
Most displacement ships correspond to the Kelvin ‘low-
peed transverse -wave interference regime’ F ≤ F K ≈ 0. 6 or
he ‘low-speed divergent -wave interference regime’ F K ≤ F ≤
 X ≈ 0. 85 . These two ‘low-speed’ regimes are predominantly 
nfluenced by longitudinal interference between the trans-
erse or divergent waves that are mostly generated by the
ore and aft regions of a ship hull. However, lateral inter-
erence between the divergent waves created by sources or
inks distributed over the port and starboard sides of the
hip hull is increasingly important in the ‘high-speed regime’
 X < F, and indeed is dominant in the ‘very-high-speed
egime’ 
 max ≈ arctan (0. 08 /F ) for F Y ≈ 6 < F 
lthough linear potential flow theory is not realistic in this
egime. 
.3. Numerical analysis of wave interference for catamarans 
Similar systematic computations are reported by He [9,10]
or catamarans. Specifically, systematic computations are con-
idered by He [9] for 125 Froude numbers 0. 4 ≤ F s ≡
56 F. Noblesse et al. / Journal of Ocean Engineering and Science 1 (2016) 52–65 
Fig. 2. Waves created by six monohull ships at a Froude number F = 0. 58 . 
V  
 
 
 
 
 
 
 
 
 
 
 
 
 
 
r
ψ
 
ψ
 
ψ
 
w  
h  
a  
s  
T  
d
F  / 
√ 
gS ≤ 3 . 5 , 25 hull spacings 0. 2 ≤ s ≡ S/L ≤ 0. 8 , and
seven simple (mathematically-defined) hulls that correspond
to the relatively broad ranges 
0. 05 ≤ B/L ≤ 0. 1 , 0. 0375 ≤ D/L ≤ 0. 075 (12)
1 ≤ B/D ≤ 2, 17 ◦ ≤ 2α ≤ 49 ◦ (13)
of the main hull-shape parameters B/L, D/L, B/D and 2α. 
The computations considered by He [9] show that the
dominant waves created by the catamarans are found along
ray angles ψ = ±ψ i and ψ = ±ψ o , with ψ i < ψ o ≤ ψ K ,
that are called ‘inner’ and ‘outer’ wake angles (and corre-
spond to dominant peaks of the wave amplitude function
in the Fourier–Kochin–Hogner representation of far-field
ship waves). The dominant wake angles ψ i and ψ o are
only weakly influenced by the hull shape, and therefore
mostly depend on the Froude number F s and the hull
spacing s. 
Specifically, He [9,10] show that the inner wake angle
ψ i is approximately determined by the simple analyticalelations 
 
i ≈ ψ K 
for F s ≤ F i K ≈ (0. 46 − 0. 02/s) / 
√ 
s (14)
 
i ≈ ψ y max ≈ arctan (0. 2/ F s ) 
for F i s ≈ 0. 13 + 0. 47 /s ≤ F s (15)
 
i ≈ ψ y max + 50 [0. 47 + (1 . 3 − 10 F s ) s] 2 
for F i K ≤ F s ≤ F i s (16)
here the angles ψ i and ψ y max are expressed in degrees. The
igh-speed approximation ( 15 ) is identical to the analytical
pproximation ( 6 ) obtained by Noblesse [20] via an analy-
is of lateral interference for a basic two-point wavemaker.
his approximation is then valid for F i < F with F i ≡ F i s 
√ 
s
efined as 
 
i ≡ 0. 13 √ s + 0. 47 / √ s (17)
F. Noblesse et al. / Journal of Ocean Engineering and Science 1 (2016) 52–65 57 
Fig. 3. Waves created by six monohull ships at a Froude number F = 0. 68 . 
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±  The condition F i < F determines a class of wide and/or
ast catamarans for which lateral interference effects between
he twin hulls of the catamaran are dominant, and the in-
er wake angle ψ i closely agrees with the simple two-point
avemaker analysis given by Noblesse [20] . In particular, the
elation ( 17 ) yields F i = 1.1, 0.87 or 0.76 for s = 0.2, 0.35 or
.5. The simple analytical approximation ( 15 ) is then valid
or a fairly broad class of catamarans. 
Similarly, the outer wake angle ψ o is approximately deter-
ined by the analytical relations 
 
o ≈ ψ K 
for F s ≤ F o K ≈ 1 . 1 + 0. 04/s (18) 
 
o ≈ ψ o ∗ ≡ arctan (0. 37 / F s ) + 0. 02(0. 64/ s 2 − 1) 
for F o s ≈ 1 . 14 + 0. 06 / s 2 ≤ F s (19) 
 
o ≈ ψ o ∗ + 22 [0. 6 + (11 . 4 − 10 F s ) s 2 ] 3 
for F o K ≤ F s ≤ F o s (20) 
here the angles ψ o and ψ o ∗ are also expressed in degrees. Expression ( 15 ) for the inner wake angle ψ i does not in-
olve the hull spacing s; and s only has a very minor influ-
nce in expression ( 19 ) for the outer wake angle ψ o . These
elations then show that the wake angles ψ i and ψ o mostly
epend on the Froude number F s in the high-speed regimes
 
i 
s ≤ F s or F o s ≤ F s that are dominated by lateral (y) interfer-
nce effects. 
For ‘narrow slow catamarans’, i.e. for small hull spacings
and small Froude numbers F s , large waves are found along
oth the outer and inner wake angles ±ψ o and ±ψ i . How-
ver, He [9] shows that the ratio r of the amplitudes of the
ominant waves found along the inner and outer ray angles
 = ±ψ i and ψ = ±ψ o increases as the Froude number F s 
ncreases and/or as the hull spacing s increases. The waves
ound along the outer wake angles ±ψ o are then small in
omparison to the waves found along the inner wake angles
ψ i for ‘wide’ and/or ‘fast’ catamarans. 
In particular, He [9] shows that the ratio r is mostly larger
han five, i.e. the waves along the inner wake angles ±ψ i are
igger than five times the waves along the outer wake angles
ψ o , for a catamaran with hull spacing 0. 2 ≤ s ≤ 0. 8 that
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Fig 4. Waves created by six monohull ships at a Froude number F = 0. 86 . 
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t  satisfies the condition F 5 ≤ F with 
F 5 ≡ 2 − 1 /s + 0. 4/ s 2 (21)
The Froude number F i defined in ( 17 ) is smaller than
the Froude number F 5 given in ( 21 ), i.e. one has F i < F 5 .
The apparent wake angle of wide and/or fast catamarans that
satisfy the condition F 5 ≤ F is then approximately given by
ψ max ≈ ψ i , and moreover is well approximated by the simple
analytical relation 
ψ max ≈ ψ y max ≈ arctan (0. 2/ F s ) (22)
As already noted, this approximation corresponds to dom-
inant lateral interference between the waves created by the
bows (or sterns) of the twin hulls of a catamaran. Thus, the
elementary two-point wavemaker approximation ( 22 ) is realis-
tic for a relatively broad range of wide and/or fast catamarans.
Zhang [26] and He [9,10] show that the simple analytical
relations ( 9 )–( 11 ), ( 14 )–( 16 ) and ( 18 )–( 20 ) provide relatively
accurate approximations to the wake angles ±ψ max , ±ψ i and
±ψ o where the waves created by a monohull ship or a cata-aran are largest due to constructive wave-interference ef-
ects. These relations do not involve the hull shape, shown
y Zhang [26] , and He [9,10] to only have a weak influence
n the wake angles ±ψ max , ±ψ i and ±ψ o . Indeed, these
ominant wake angles, associated with wave-interference ef-
ects, are a largely kinematic feature of the waves created
y a monohull ship or a catamaran. This general conclusion
s further illustrated here via computations of far-field ship
aves. 
. Rabaud–Moisy observations of ship wakes 
Fig. 1 depicts the 37 observations of ship wakes reported
y Rabaud [23] for the wide range of Froude numbers
. 1 < F < 1 . 7 . The apparent wake angles for the twelve
bservations shown in the figure for the high Froude number
ange 0. 6 < F are consistently and significantly smaller than
he Kelvin cusp angle ψ K , and include angles as small as
 
◦
. Fig. 1 also shows the Kelvin cusp angle ψ K (Kelvin) and
he wake angles ψ max , ψ i and ψ o defined by the relations
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Fig 5. Waves created by six monohull ships at a Froude number F = 1 . 58 . 
Table 1 
Main hull-shape parameters related to the six monohull ships considered in 
Figs. 2 –5. 
B/L D/L B/D n 2α
0.15 0.05 3 1 33 ◦24 ′ 
0.15 0.05 3 3 83 ◦59 ′ 
0.1 0.1 1 2 43 ◦36 ′ 
0.15 0.075 2 2 61 ◦55 ′ 
0.2 0.05 4 2 77 ◦19 ′ 
0.25 0.025 10 2 90 ◦
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s   9 )–( 11 ), ( 14 )–( 16 ), ( 18 )–( 20 ). As previously explained, these
ake angles correspond to the largest waves created by a
onohull ship or a catamaran as a result of constructive
ave-interference effects. The apparent wake angle ψ max of a
onohull ship is shown as a pink solid line marked monohull
n Fig. 1 . The two shaded regions in Fig. 1 correspond to
he inner and outer wake angles ψ i and ψ o for catamarans
ith hull spacings 0. 2 ≤ s ≤ 0. 5 , and the angles ψ i and ψ o
re marked as solid lines ( ψ i ) or dashed lines ( ψ o ) that arelack, blue or red for the hull spacings s = 0. 2, s = 0. 35 or
 = 0. 5 . Furthermore, Fig. 1 depicts the Froude numbers F i 
nd F 5 defined by ( 17 ) and ( 21 ). 
The (nondimensional) wavelength λmax of the longest 
ransverse waves created by a ship along its track is given
y 
max ≡ 2πF 2 (23) 
s well known. If short waves with wavelengths 
≤ λmax with 0 <  ≤ 2/ 3 (24) 
re eliminated, no divergent waves can exist within the wedge
 ψ | ≤ ψ min ≈ arctan ( 
√ 
/ 2) (25) 
s shown by He [11] . The ‘no-divergent-waves’ wake angle
 min ≈ 6 ◦23 ′ marked in Fig. 1 corresponds to  = 0. 05 , i.e.
o the assumption that waves shorter than 5% of the longest
aves λmax are eliminated, e.g. due to the wavebreaking com-
only observed at a ship bow wave as suggested by Zhu [31] .
Fig. 1 shows that the wake angles ψ max , ψ i and ψ o as-
ociated with the largest waves created by a monohull ship
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Fig. 6. Waves created by six catamarans with hull spacing s = 0. 25 at a Froude number F s = 1 . 
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dor a catamaran as a result of constructive wave-interference
effects are consistent with the observations of narrow Kelvin
ship wakes reported by Rabaud [23] . Unfortunately, the ships
that correspond to the wake observations reported by Rabaud
[23] and in Fig. 1 are unknown. Thus, it is not known if the
wake observations shown in Fig. 1 are due to monohull or
multihull ships, or correspond to other types of fast vessels. 
The comparison of the Rabaud–Moisy wake observations
and the wake angles ψ max , ψ i and ψ o shown in Fig. 1 is
then inconclusive, and numerical computations are useful, if
not necessary, to illustrate and confirm the relations ( 9 )–( 11 ),
( 14 )–( 16 ), ( 18 )–( 20 ). Computations of far-field waves created
by monohull ships and catamarans, based on the practical
numerical method given by Zhang [27] and the Hogner ap-
proximation considered by Zhang [26] and He [9] , are then
considered hereafter. 
4. Waves created by monohull ships 
Computations of far-field waves created by a family of six
simple monohull ships are now considered. The six ship hullsre mathematically defined as 
 = ±b 
2 
[1 − (2x) 2n ] 
(
1 − z 
2 
d 2 
)
(26)
here the beam/length ratio b ≡ B/L, the waterline-shape pa-
ameter n and the draft/length ratio d ≡ D/L are chosen as
isted in Table 1 . This Table also lists the related beam/draft
atio B/D and waterline entrance angle 2α. The six hulls
re characterized by the relatively broad ranges of main hull-
hape parameters B/L, D/L, B/D and 2α given in ( 7 ) and
 8 ). 
Figs. 2 –5 depict the waves, computed via the Hogner
pproximation given by Huang [13] and the method ex-
ounded by Zhang [27] asalready noted, created by the six
onohull ships defined by ( 26 ) and Table 1 at four Froude
umbers F = 0. 58 , 0.68, 0.86, 1.58, for which the ana-
ytical relations ( 9 )–( 11 ) predict the apparent wake angles
 max ≈ 19 ◦, 14 ◦, 9 ◦, 4 ◦. The free-surface elevation Z/L is
epicted within the regions 
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Fig. 7. Waves created by six catamarans with hull spacing s = 0. 25 at a Froude number F s = 2. 5 . 
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s  
s  (−7 ≤ x ≤ 1 , −2. 25 ≤ y ≤ 2. 25) in Fig . 2 for F = 0. 58 
(−9 ≤ x ≤ 1 , −2. 81 ≤ y ≤ 2. 81) in Fig . 3 for F = 0. 68 
(−11 ≤ x ≤ 1 , −3 . 38 ≤ y ≤ 3 . 38) in Fig . 4 for F = 0. 86 
(−19 ≤ x ≤ 1 , −5 . 62 ≤ y ≤ 5 . 62) in Fig . 5 for F = 1 . 58 
f the free-surface plane (x, y) . Figs. 2 –5 also show the
elvin cusp lines ψ = ±ψ K with origins at the bows (x =
. 5 , y = 0) of the ships, and the rays ψ = ±ψ max that corre-
pond to the apparent wake angles defined by the Relations
 9 )–( 11 ) with origins at the bows (x = 0. 5 , y = 0) and the
terns (x = −0. 5 , y = 0) of the ships. 
The source density n x is significantly different for the six
ull forms considered in Figs. 2–5 . Accordingly, large differ-
nces can be observed, for each of the four Froude numbers
onsidered in Figs. 2–5 , among the amplitudes of the waves
reated by the six hulls. Indeed, different scales are used for
ifferent hulls in the color plots shown in Figs. 2–5 . Specifi-
ally, the scales used for the six hulls in the color plots varyithin the ranges [0.012,0.018] in Fig. 2 , [0.010,0.015] in
ig. 3 , [0.006,0.010] in Fig. 4 , and [0.006,0.008] in Fig. 5 .
hese scales are chosen so that the largest far-field waves, of
ain interest here, are clearly apparent. 
Figs. 2–5 show that, at a given Froude number F , the
argest waves occur at ray angles that do not differ signif-
cantly for the six hulls. Thus, the figures confirm that the
pparent wake angle ψ max where the largest waves are found
s mostly a kinematic flow feature (only weakly influenced
y the hull shape). Moreover, the largest waves in Figs. 2–5
ccur approximately along the rays ψ = ±ψ max predicted
y the analytical relations ( 9 )–( 11 ). In particular, Figs. 2–5
learly show a narrowing of the apparent wake angle for
ncreasing Froude numbers F that is consistent with the
elations ( 9 )–( 11 ) given by Zhang [26] and He [10] . 
. Waves created by catamarans 
Computations of far-field waves created by a family of
imple catamarans are now considered. The catamarans con-
ist of two identical demi-hulls of length L, beam B and draft
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Fig. 8. Waves created by three catamarans with hull spacings s = 0. 2 (top), s = 0. 35 (center) or s = 0. 5 (bottom) at Froude numbers F s = 1 (left) or F s = 1 . 5 
(right). 
Table 2 
Main hull-shape parameters related to the six catamarans considered in 
Figs. 6 and 7. 
B/L D/L B/D n 2α
0.075 0.05 1.5 1 17 . 1 ◦
0.075 0.05 1.5 3 48 . 5 ◦
0.05 0.05 1 2 22. 6 ◦
0.1 0.05 2 2 43 . 6 ◦
0.075 0.0375 2 2 33 . 4 ◦
0.075 0.075 1 2 33 . 4 ◦
 
 
 
 
 
 
Table 3 
Main hull-shape parameters related to the three catamarans considered in 
Figs. 8 and 9. 
B/L D/L B/D n 2α
0.075 0.05 1.5 2 33 . 4 ◦
H  
T  
F  
c  
a  
(  
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(
 
d  
s  
e  
c  D, separated by a distance S. The X axis is located half way
between the twin hulls of the catamaran. The demi-hulls are
symmetric about the planes Y = ±S/ 2, and are mathemati-
cally defined as 
±y = s 
2 
± b 
2 
[1 − (2x) 2n ] 
(
1 − z 
2 
d 2 
)
(27)
Figs. 6 and 7 depict the waves, computed via the method
given by Zhang [27] and the Hogner approximation given byuang [13] , created by the six catamarans defined in ( 27 ) and
able 2 , with hull spacing s = 0. 25 , at two Froude numbers
 s = 1 or F s = 2. 5 . Moreover, Figs. 8 and 9 show the waves
reated by three catamarans, with demi-hulls defined by ( 27 )
nd Table 3 , for three hull spacings s = 0. 2 (top), s = 0. 35
center) or s = 0. 5 (bottom) at Froude numbers F s = 1 (left)
r F s = 1 . 5 (right) in Fig. 8 , and F s = 2 (left) or F s = 2. 5
right) in Fig. 9. 
The beam/length ratios b ≡ B/L, the draft/length ratios
 ≡ D/L, the waterline-shape coefficients n and the corre-
ponding values of the beam/draft ratio B/D and waterline
ntrance angles 2α listed in Tables 2 and 3 show that the
atamarans considered in Figs. 6–9 are characterized by the
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Fig. 9. Waves created by three catamarans with hull spacings s = 0. 2 (top), s = 0. 35 (center) or s = 0. 5 (bottom) at Froude numbers F s = 2 (left) or F s = 2. 5 
(right). 
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F  elatively broad ranges of main hull-shape parameters B/L,
/L, B/D and 2α given in ( 12 ) and ( 13 ). 
The free-surface elevation Z/L is depicted within the
egion 
(−15 ≤ x ≤ 1 , −4. 5 ≤ y ≤ 4. 5) 
f the free-surface plane (x, y) in Figs. 6–9 . These four figures
lso show the Kelvin cusp lines ψ = ±ψ K (dashed red lines),
s well as the rays ψ = ±ψ o (pink solid lines) and ψ = ±ψ i 
black solid lines) given by the approximations ( 18 )–( 20 ) or
 14 )–( 16 ). The bows (x = 0. 5 , y = ±s/ 2) of the twin hulls of
he catamarans are taken as the origins of the rays ψ = ±ψ K ,
 = ±ψ o and ψ = ±ψ i . 
As already noted in relation to Figs. 2–5 for monohull
hips, the source density n x is significantly different for the
ix hull forms considered in Figs. 6 and 7 . Accordingly,
arge differences can be observed in Fig. 6 for F s = 1 and in
ig. 7 for F s = 2. 5 among the amplitudes of the waves created
y the six hulls. Indeed, different scales are used for differ-
nt hulls in the color plots shown in Figs. 6 and 7 . However,hese two figures show that, at a given Froude number F s ,
he largest waves occur at ray angles that do not differ sig-
ificantly for the six hulls. Thus, the apparent wake angle
here the largest waves are found is mostly a kinematic flow
eature that is only weakly influenced by the hull shape, as
lso observed in Figs. 2–5 for monohull ships. Moreover, the
argest waves in Figs. 6 and 7 occur approximately along the
ays predicted by the Relations ( 14 )–( 16 ) and ( 18 )–( 20 ) given
y He [9,10] . 
More precisely, Fig. 6 shows that, for the relatively small
roude number F s = 1 , the largest waves are found approx-
mately along the Kelvin cusp lines ψ = ±ψ K . This result
s consistent with the numerical analysis reported by He [9] .
ndeed, this analysis shows that for a narrow and slow cata-
aran, as for the hull spacing s = 0. 25 and the Froude num-
er F s = 1 considered in Fig. 6 , dominant waves are found
long the outer wake angle ψ o . Moreover, the Froude number
 
o 
K defined by ( 18 ), given by F o K ≈ 1 . 26 , is larger than the
roude number F s = 1 considered in Fig. 6 . At the higher
roude number F s = 2. 5 considered in Fig. 7 , the largest
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d  waves are found approximately along the inner rays ψ = ±ψ i 
in agreement with the results of the analysis summarized in
Section 2.2 . 
The influences of the Froude number F s and of the hull
spacing s on the apparent wake angle of a catamaran are
further illustrated in Figs. 8 and 9 . The left side of Fig. 8
shows that for the relatively small Froude number F s = 1 ,
the largest waves are found in the vicinity of the Kelvin cusp
lines ψ = ±ψ K for s = 0. 2 (top) and s = 0. 35 (center). For
the large hull spacing s = 0. 5 (bottom), large waves are found
near the Kelvin cusp lines as well as in the vicinity of the
inner ray angles ψ = ±ψ i . For the somewhat larger Froude
number F s = 1 . 5 considered on right side of Fig. 8 , the largest
waves are found approximately along the outer rays ψ = ±ψ o
for s = 0. 2 (top) or along the inner rays ψ = ±ψ i for s = 0. 5
(bottom), and large waves are found along both the rays ψ =
±ψ i and the rays ψ = ±ψ o for s = 0. 35 (center). The left
side of Fig. 9 shows that for the larger Froude number F s = 2,
the largest waves are found along the outer rays ψ = ±ψ o
for the small hull spacing s = 0. 2 (top) or along the inner
rays ψ = ±ψ i for the larger hull spacings s = 0. 35 (center)
and s = 0. 5 (bottom). For the relatively large Froude number
F s = 2. 5 considered on the right side of Fig. 9 , large waves
are found along both the rays ψ = ±ψ i and the rays ψ =
±ψ o for the small hull spacing s = 0. 2 (top), whereas the
largest waves are found along the inner rays ψ = ±ψ i for
s = 0. 35 (center) and s = 0. 5 (bottom). 
The far-field waves depicted in Figs. 8 and 9 illustrate
and confirm the results of the systematic numerical analysis
reported in He [9,10] . In particular, Figs. 8 and 9 show that
the largest waves created by wide and/or fast catamarans, i.e.
for large hull spacings s and/or large Froude numbers F s ,
are found along the inner rays ψ = ±ψ i , in accordance with
( 21 ). This relation yields F 5 ≈ 7 , 2.4, 1.6 for the hull spacings
s = 0. 2, 0.35 and 0.5 considered in Figs. 8 and 9. 
6. Conclusion 
The far-field waves depicted in Figs. 2–5 and 6 – 9 il-
lustrate and supplement the results of the analysis of wave-
interference effects on the Kelvin wakes of monohull ships
and catamarans given by Zhang [26] , He [9,10] , and Noblesse
[20] . 
Figs. 2–9 demonstrate that wave-interference effects have
a large influence on the Kelvin wakes of monohull ships and
catamarans. Indeed, these figures show that the apparent wake
angle ψ max or the inner and outer wake angles ψ i and ψ o that
correspond to the dominant waves created by a monohull ship
or a catamaran can be significantly smaller than the Kelvin
angle ψ K , even for moderately large values of the Froude
numbers F or F s . 
Figs. 2–5 for monohull ships and Figs. 6 and 7 for cata-
marans illustrate the well-known fact that the amplitudes of
the waves created by a ship strongly depend on the ship hull
geometry. These figures also illustrate the lesser-known fact
that the dominant waves created by a ship are found along
ray angles that are only weakly influenced by the hull shape.hus, a wide ship creates bigger waves than a thin ship, but
he ray angles ψ = ±ψ max where the dominant waves created
y the wide and thin ships are found do not differ much. The
ominant-waves ray angles ψ max , ψ i and ψ o are then mostly
 kinematic feature (weakly influenced by the hull shape) of
he flow around a ship hull. This kinematic flow feature is a
ain general conclusion that can be drawn from the computa-
ions of far-field waves reported here, and from the systematic
umerical analysis reported by Zhang [26] , and He [9,10] . 
An important practical consequence of the just-noted fea-
ure is that the apparent wake angle of a general monohull
hip or catamaran (with arbitrary hull shapes) can be esti-
ated, without computations, via the simple analytical rela-
ions obtained by Zhang [26] , and He [9] . Specifically, the
pparent wake angle ψ max of a monohull ship is explicitly
etermined in terms of the Froude number F by means of
he Relations ( 9 )–( 11 ), and the inner and outer wake angles
 
i and ψ o of a catamaran are determined in terms of the
roude number F s and the hull spacing s by means of the
elations ( 14 )–( 16 ) and ( 18 )–( 20 ). 
The numerical studies considered by Zhang [26] , and He
9,10] suggest that the simple analytical approximations ( 9 )–
 11 ), ( 14 )–( 16 ) and ( 18 )–( 20 ) are relatively accurate. The
omputations of far-field ship waves reported by Zhang [28]
nd here provide further verification of these simple relations
or the dominant ray angles of the Kelvin wakes of monohull
hips and catamarans. Indeed, the ray angles predicted by the
nalytical relations ( 9 )–( 11 ) for monohull ships or the rela-
ions ( 14 )–( 16 ) and ( 18 )–( 20 ) for catamarans are consistent
ith the largest waves in Figs. 2–5 or Figs. 6 –9. 
In particular, these figures confirm that at low Froude num-
ers F or F s , the largest waves are found near the Kelvin cusp
ngle ψ K , as stated in the low-speed relations ( 9, 14 ) and
 18 ). Moreover, Figs. 6–9 confirm that the apparent wake an-
le ψ max of wide and/or fast catamarans, i.e. for large Froude
umbers F s and/or large hull spacings s, is approximately
iven by ψ max ≈ ψ i and is well approximated by the simple
nalytical relation ( 22 ) obtained by Noblesse [20] via an ele-
entary two-point wavemaker analysis of lateral interference
etween the dominant waves created by the bows (or sterns)
f the twin hulls of a catamaran. Thus, the apparent wake
ngle ψ max is determined in terms of the Froude numbers F 
r F s , i.e. one has ψ max (F ) or ψ max ( F s ) , for monohull ships
r for wide and/or fast catamarans. For narrow slow catama-
ans, i.e. for small hull spacings s ≡ S/L and (relatively) small
roude numbers F s , wave-interference effects are more com-
licated, and the dominant waves are found at ray angles that
epend on both the Froude number F s and the hull-separation
istance s, as specified by ( 14 )–( 16 ) and ( 18 )–( 20 ). 
The analysis of wave-interference effects considered by
hang [26] , He [9] , and Noblesse [20] and here is based on
he linear potential flow theory. The influence of wavebreak-
ng is evidently ignored in this analysis. However, the ele-
entary considerations given by Zhu [31] suggest that wave-
reaking can be expected to have considerable effects on the
elvin wake of a ship. Specifically, Zhu [31] shows that no
ivergent waves can be found inside a wedge | ψ | < ψ min due
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 o wavebreaking, and that the ‘no-waves-wake’ angle ψ min 
ay not be small compared to the Kelvin angle ψ K as il-
ustrated in Fig. 1 . Interestingly, wavebreaking effects result
n a lower bound ψ min that supplements the upper bounds
 max , ψ 
i , ψ o associated with wave- interference effects, and
elvin’s classical upper bound ψ K that ignores the influence
f wave interference. 
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